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Abstract
We present a new class of solutions in odd dimensions to Einstein’s
equations containing either a positive or negative cosmological con-
stant. These solutions resemble the even-dimensional Eguchi-Hanson-
(A)dS metrics, with the added feature of having Lorentzian signatures.
They are asymptotic to (A)dSd+1/Zp. In the AdS case their energy
is negative relative to that of pure AdS. We present perturbative evi-
dence in 5 dimensions that such metrics are the states of lowest energy
in their asymptotic class, and present a conjecture that this is gen-
erally true for all such metrics. In the dS case these solutions have
a cosmological horizon. We show that their mass at future infinity is
less than that of pure dS.
1EMail: r2clarks@astro.uwaterloo.ca
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1 Introduction
Taub-NUT metrics are playing an increasingly important role in physics.
Originally derived in four dimensions [1, 2], such solutions were asymptoti-
cally locally flat (ALF) solutions to the Einstein equations, with the NUT
charge behaving somewhat like a magnetic mass. Their asymptotically lo-
cally Euclidean (ALE) counterparts provided a new class of self-dual gravita-
tional instantons, analogous to the self-dual instantons that appear in Yang-
Mills theory [3, 4]. Incorporation of such objects into Kaluza-Klein theories
led to the discovery of the Kaluza-Klein monopole, and higher-dimensional
generalizations followed shortly thereafter. More recently it has become clear
that ALF solutions have interesting gravitational thermodynamics, since
their Euclidean sections cannot be everywhere foliated by surfaces of con-
stant (Euclidean) time [5, 6]. The gravitational entropy of these solutions is
not proportional to event-horizon area [7]. Generalizations of such solutions
to non-zero cosmological constant have thus provided interesting tests of the
AdS/CFT and dS/CFT correspondence conjectures [8, 9, 10, 11].
Other ALE instantons have also been found, the simplest nontrivial ex-
ample perhaps being the Eguchi-Hanson (EH) metric [3]. Both Taub-NUT
and EH metrics are special cases of Atiyah-Hitchin metrics, and it has been
shown in a recent set of papers [12] how all three types of geometries can be
embedded in M-theory, providing new M2- and M5-branes solutions whose
distinguishing feature is that the solution is not restricted to be in the near
core region of a D6 (or D5 or D4)-brane. Such solutions can be compactified
on a circle, yielding new solutions of type-IIA string theory.
Recently it has been shown [13] that generalizations of the EH metric
exist in 5-dimensions that have a number of interesting features. Referred
to as Eguchi-Hanson solitons, they are asymptotic to AdSn/Zp where p ≥ 3.
Unlike the four dimensional case, a Lorentzian signature is possible, yielding
a non-simply connected background manifold for the CFT boundary theory.
They are obtained from a recently-derived 5-dimensional generalization of the
Taub-NUT metric [14] in a manner analogous to that used in deriving the
AdS soliton. Their spatial sections approach that of the EH metric for large
cosmological constant. In five dimensions the total energy of these solitons is
negative, though bounded from below consistent with earlier arguments [15].
Motivated by the above, in this paper we explore these generalizations
of the EH metric in higher dimensions. Specifically, we obtain a new set of
solutions to the Einstein equations of motion with a cosmological constant,
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that provided a natural (odd-dimensional) generalization of the EH metric.
They can be derived from a set of inhomogeneous Einstein metrics on sphere
bundles fibred over Einstein-Kahler spaces that were recently obtained [14,
16]. We show that in the limit the cosmological constant vanishes we obtain
a set of d-dimensional generalizations of the ALE EH metric. As such, our
approach provides a d-dimensional generalization for obtaining the EH metric
from a limiting procedure in the 4-dimensional case3. We explore some of
the implications of the simplest (5-dimensional) solution for the AdS/CFT
correspondence when the cosmological constant is negative. Unlike the four
dimensional case, a Lorentzian signature is possible, and so an interesting
background metric for the CFT boundary theory is possible. We find that
such solutions – though of negative energy – are perturbatively stable, and
we conjecture that they are the states of lowest energy in their asymptotic
class. In the dS case we show that these solutions satisfy the maximal mass
conjecture.
The outline of our paper is as follows. We begin with the five dimensional
case, and then show how to obtain the solution in odd d+1 dimensions from
the aforementioned set of inhomogeneous Einstein metrics on sphere bundles
fibred over Einstein-Kahler spaces. We then discuss the regularity conditions
for the solitons for both types of asymptotia (AdS and dS). In section 4 we
study aspects of the (A)dS/CFT correspondence for these solitons. We show
that in the AdS case they have negative energy but are perturbatively stable,
whereas in the dS case they satisfy the maximal mass conjecture.
2 Deriving the Metric
To illustrate our approach, we review the 5-dimensional case. The metric here
can be derived from the five-dimensional generalization [14] of the Taub-NUT
metric,
ds2 = −ρ2dt2+4n2F (ρ) [dψ + cos(θ)dφ]2+ dρ
2
F (ρ)
+(ρ2−n2)(dθ2+sin(θ)2dφ2)
(1)
3For an alternate derivation of the EH metric in four dimensions, see ref. [17]
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where the U(1)-fibration is a partial fibration over a two-dimensional sub-
space the three dimensional base space. The function F (ρ) is
F (ρ) =
ρ4 + 4mℓ2 − 2n2ρ2
ℓ2(ρ2 − n2) (2)
and the condition for this to satisfy the 5D Einstein equations with cosmo-
logical constant Λ = − 6
ℓ2
is n = ℓ
2
.
The spacetime is not trivial in the sense that setting the NUT charge
(equivalently, the cosmological constant Λ) to zero yields a degenerate metric.
We therefore seek a set of transformations that render a non-trivial metric
in the Λ→ 0 (or l →∞) limit. These can be obtained through the following
transformations
ρ2 = r2 + n2 m =
ℓ2
64
− a
4
64ℓ2
(3)
after which we set r → r/2, t→ 2t/ℓ, thereby obtaining
ds2 = −g(r)dt2 + r
2f(r)
4
[dψ + cos(θ)dφ]2 +
dr2
f(r)g(r)
+
r2
4
(dθ2 + sin(θ)2dφ2) (4)
g(r) = 1 +
r2
ℓ2
, f(r) = 1− a
4
r4
Note that (4) solves Einstein’s equations with negative cosmological constant
Λ = −6/ℓ2. Analytically continuing ℓ→ iℓ will turn (4) into a metric solving
Einstein’s equation with a positive cosmological constant.
The metric (1) – transformed into the metric (4) – provides us with a
new means of obtaining the Eguchi-Hanson metric in 4-dimensions. We see
that in the ℓ→∞ limit the metric (4) yields the Eguchi-Hanson metric
ds2 =
r2
4
f(r) [dψ + cos(θ)dφ]2 +
dr2
f(r)
+
r2
4
(dθ2 + sin(θ)2dφ2) (5)
as a t =constant hypersurface. Note that the transformations (3) are crucial
in obtaining this result; the ℓ→∞ limit of (1) yields a degenerate metric.
The metric (4) solves the Einstein equations with a negative (positive)
cosmological constant Λ = ∓ 6
ℓ2
(or the vaccum equations when ℓ→∞). We
call these metrics Eguchi-Hanson-AdS (EHAdS)/Eguchi-Hanson-dS (EHdS)
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solitons respectively, since they bear an interesting resemblance to the Eguchi-
Hanson metric in four dimensions. However unlike the four dimensional case,
a Lorentzian signature is possible.
This metric (4) suggests a generalization to any odd dimension (d + 1)
greater than five. Setting d = 2k + 2, we have found that the following set
of metrics
ds2 = −g(r)dt2 +
(
2r
d
)2
f(r)
[
dψ +
k∑
i=1
cos(θi)dφi
]2
+
dr2
g(r)f(r)
+
r2
d
k∑
i=1
dΣ22(i) (6)
where
dΣ22(i) = dθ
2
i + sin
2(θi)dφ
2
i (7)
and the metric functions are given by
g(r) = 1∓ r
2
ℓ2
, f(r) = 1−
(a
r
)d
(8)
satisfy the (d + 1)-dimensional Einstein equations for both a positive and
negative cosmological constant Λ = ±d(d− 1)/(2ℓ2).
The ℓ→∞ limit of this general metric yields
ds2 =
(
2r
d
)2(
1−
(a
r
)d)[
dψ +
k∑
i=1
cos(θi)dφi
]2
+
dr2
1− (a
r
)d + r2d
k∑
i=1
dΣ22(i)
(9)
as a t =constant hypersurface of the metric (6). These can be regarded as
d-dimensional generalizations of the Eguchi-Hanson metric (5).
We now demonstrate how the class of metrics (6) can be derived from
transforming a class of Einstein metrics on Sm+2 sphere bundles fibred over
2n-dimensional Einstein-Ka¨hler spaces [16]
ds2 =
(1− ρ2)ndρ2
P (ρ)
+
c2P (ρ)
(1− ρ2)n [dτ − 2A]
2 + c(1− ρ2)dΣ22n +
(m− 1)ρ2
Λ− λ/c dΩ
2
m
(10)
with (d+ 1) = 2n +m+ 2, and A is a 1-form potential for the Ka¨hler form
dΣ22n (J = dA). The function P (r) obeys the differential equation
d
dρ
[
ρm−1P (ρ)
]
= ρm−2
[
Λ
(
1− ρ2)n+1 − λ
c
(
1− ρ2)n] (11)
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whose given in terms of a linear combination of hypergeometric functions
P (ρ) =
Λ
m− 1 2F1
(
−n− 1, m− 1
2
;
m+ 1
2
; ρ2
)
− λ
c(m− 1) 2F1
(
−n, m− 1
2
;
m+ 1
2
; ρ2
)
+ µρ1−m (12)
Carrying out the higher-dimensional generalization of the transformation
(3), we write ρ2 = 1 + x, which renders (11) as
d
dx
F (x) = (−1)n+1Λ
2
(1 + x)(m−3)/2
[
xn+1 + νxn
]
(13)
where we have set λ
c
= νΛ, with ν an arbitrary parameter (note [16] used
λ
c
= Λ
ν
). This equation has the solution
F (x) =
(−1)n+1Λ
2(n+ 2)
{
xn+22F1
([
−(m− 3)
2
, n+ 2
]
, n+ 3,−x
)
(14)
+ ν
(n + 2)
(n + 1)
xn+12F1
([
−(m− 3)
2
, n+ 1
]
, n+ 2,−x
)}
+ µ
Now taking x = r2/l2 and τ = 2ψ in the metric (10) yields
ds2 = A
[
(m− 1)
Λ(1− ν)g(r)dΩ
2
m +
(−1)n4c2r2f˜(r)
l4g(r)(m−1)/2
[dψ − A]2
+
(−1)ng(r)(m−3)/2dr2
f˜(r)
− cr
2
l2
dΣ22n
]
(15)
where
A = 2n+m
2
g(ρ) = 1 +
r2
l2
(16)
c =
1
Λν
=
2l2
d(d− 1)ν
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and
f˜(r) =
l2F (x)
xn+1
=
(−1)n+1Λl2
2(n+ 2)
{
r2
l2
2F1
([
−(m− 3)
2
, n+ 2
]
, n + 3,−r
2
l2
)
(17)
+
ν(n+ 2)
(n + 1)
2F1
([
−(m− 3)
2
, n+ 1
]
, n+ 2,−r
2
l2
)}
+
µl2n+4
r2n+2
There are two free parameters in the class of metrics (15): ν and µ; the
quantity l simply represents a length scale for the metric. Note that we
cannot set l → ∞ in (15) as written (but see below). We have explicitly
checked (15), with ( 16) and (17), solve Einstein’s equations for m = 2, 3, 4
and n = 1, 2, 3, 4.
We can now derive our general dimensional EH–type metrics (6) from
this more general metric (15), by taking m = 1 (which will require ν = 1).
This first requires that we redefine the coordinate we will get from the dΩm=1
term to get rid of divergences; i.e. transform ϕ = Λ(1−ν)
(m−1) t, to give
(m− 1)
Λ(1− ν)dΩ1 =
(m− 1)
Λ(1− ν)dϕ = dt
before taking m = 1 in the coefficient. Note that there is no problem taking
m = 1, ν = 1 in any of the other terms in (15), nor is there a problem in
(17).
Thus, comparing to the general–dimensional case, we see that the quan-
tity dΩ2m plays the role of time, and with appropriate analytic continuation
we can choose the signature accordingly. The generalized EH metrics (6) are
obtained after several steps by first setting ν = m = 1 with
µ = −(−1)
n+1Λb2n+2
(2n+ 2)l2n+2
and Λ = 1/l2, c = l2, A = 1, recalling that d = 2n + 2 when m = 1. Then,
using the further rescalings
r =
r√
d
, b =
a√
d
and l =
ℓ√
d
one gets the general metric (6). Note that the Eguchi–Hanson metrics (9)
can then be obtained in the ℓ→∞ limit.
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For m > 1, we can take the Λ → 0 limit in (15) by redefining the first
coordinate of the dΩm sub-metric to absorb Λ, i.e. ϕ =
√
Λσ, so that as
Λ→ 0,
1
Λ
dΩ2m =
1
Λ
(
dϕ2 + sin2(ϕ)dΩ2m−1
)
= dσ2 +
sin2(
√
Λσ)
Λ
dΩ2m−1
→ dσ2 + σ2dΩ2m−1 (18)
Thus, the ALF version of (15) is given by
ds2 =
(m− 1)
(1− ν)
(
dσ2 + σ2dΩ2m−1
)
+
(−1)ndr2
h˜(r)
+
(−1)nr2
2(n+ 1)
dΣ22n
+(−1)n
(
2r
2n+ 2
)2
h˜(r) [dψ − A]2 (19)
h˜(r) = 1−
(a
r
)d
where we have used the following rescalings;
c =
2l2
d(d− 1)ν
r →
√
C(ν)r
b = (C(ν))(2n+4)/(4n+4) a
with
C(ν) =
(−1)n+1d(d− 1)ν
4(n+ 1)
and thus
f˜(r) = C(ν)
[
1 +
(a
r
)2n+2]
= C(ν)h˜(r) (20)
We have explicitly checked that (19), with (20), solves the Einstein equa-
tions for n = 1, 2, 3, 4 and m = 2, 3, 4.
We pause here to comment on the situation in the even-dimensional case.
We find that this case can be obtained as a special case of a class of metrics
derived by Gauntlett et. al. [18] that are very similar to the metrics (10)
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discussed above. They have the form of the (even–dimensional) Eguchi–
Hanson–AdS metrics (9), with a metric
ds2 =
r2f(r)
4
[dψ + A]2 +
dr2
f(r)
+
r2
4
dΣ2(d−1)
f(r) =
4k
n
−
(a
r
)n
+
(n− 1)r2
(n+ 2)ℓ2
where k = {1, 0,−1} for the normalized curvature of the base space, and
n = d+ 1 here. For example, in four dimensions, we have
{A, dΣ2} =


cos(θ)dφ , (dθ2 + sin2(θ)dφ2) k = 1 (spherical)
θdφ , (dθ2 + dφ2) k = 0 (toroidal)
cosh(θ)dφ , (dθ2 + sinh2(θ)dφ2) k = −1 (hyperbolic)


Thus, in the limit that the cosmological constant vanishes, the Lu, Page and
Pope metric (10), our general Eguchi–Hanson metric (9) and the Gauntlett
et. al. metrics all have a similar form.
3 Metric Regularity
We consider here a more detailed study of the properties of the metric (4).
Its Ricci scalar is easily seen to be free of singularities, and vanishes in the
ℓ→∞ limit. Its Kretschmann scalar RabcdRabcd is (in the AdS/dS case)
RabcdRabcd = 8 (5r
12 + 48ℓ4a8 ± 48ℓ2r2a8 + 9r4a8)
r12ℓ4
(21)
(± for AdS/dS, respectively) whose singular behaviour as r → 0 is avoided
since it lies inside r = a. It is therefore not part of the spacetime; hence
the metric (4) is free of scalar curvature singularities. However string-like
singularities can arise at r = a, and must be dealt with separately. These
can be eliminated in the usual way. Consider the the behaviour of the metric
(4) as r → a. Regularity in the (r, ψ) section implies that ψ has period 2π√
g(a)
and elimination of string singularities at the north and south poles (θ = 0, π)
implies that an integer multiple of this quantity must equal 4π. This implies
in the asymptotically AdS case that
a2 = ℓ2
(
p2
4
− 1
)
(22)
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where p is an integer with p ≥ 3, yielding in turn that a > ℓ. The metric can
be written as
ds2 = −
(
1 +
r2
ℓ2
)
dt2+
r2
p2
f(r)
[
dψ +
p
2
cos(θ)dφ
]2
+
dr2(
1 + r
2
ℓ2
)
f(r)
+
r2
4
dΩ22
(23)
where now
f(r) = 1− ℓ
4
r4
(
p2
4
− 1
)2
The asymptotically dS case must be handled with more care, and we
must consider separately the cases where a2 < ℓ2, a2 > ℓ2 and a2 = ℓ2. If
a2 < ℓ2, then the regularity condition now equates 2π√|g(a)| =
4π
p
whose only
solution is p = 1, yielding a2 = 3
4
ℓ2. If a2 > ℓ2 then the metric (4) has closed
timelike curves (CTCs) in the region a > r > ℓ, and the coordinates t and
ψ interchange roles. There is now a cosmological horizon at r = a and the
regularity condition implies that a2 = ℓ2
(
p2
4
+ 1
)
with all integer values of p
allowed. However r = ℓ is no longer an horizon, since the metric will change
signature at that point. Consequently the spacetime is only defined for r ≥ ℓ.
The metric can be rendered smooth at r = ℓ by requiring t to be a periodic
variable, with period 2πℓ
3√
a4−ℓ4 =
8πℓ
p
√
p2+8
.
The case a = ℓ is a special case. The metric is not static for r > a,
and the metric function grr has a double root at r = a. Consequently this
location is in the infinite past, and the regularity condition no longer applies.
The spacetime expands from this point to an asymptotically de Sitter region
as r →∞.
Analysis for the higher dimensional case (6) is similar. Elimination of
singularities for a metric of the form
ds2 = F (r)
[
dψ +
k∑
i=1
cos(θi)dφi
]2
+
dr2
G(r)
is attained by demanding consistency between the removal of conical singu-
larities in the (r, ψ) section with the criterion that
∫
cos(θi)dφi = 4π. This
means that
4π√|F ′+G′+| =
4π
p
(24)
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where p is an integer, with r = r+ is the simultaneous root of F and G.
For the metric (6) F ′+G
′
+ = 4
(
1± a2
ℓ2
)
where g(r) =
(
1± r2
ℓ2
)
, yielding
the condition (22) above for (d + 1)-dimensions in the AdS case, and the
conditions described in the previous two paragraphs in the dS case. It is
straightforward to check that the Kretschmann scalar is in general finite,
since its only possible singularity is at r = 0, a point not within the spacetime.
Generalizations of the metric (6) in which the base space is a product
of di-dimensional spaces of constant curvature (where
∑
di = d − 2) are
also possible [19]. In this case the right-hand side of the regularity condi-
tion (24) is modified so that it is multiplied by the normalized curvature of
the smallest-dimensional space in the product in the base [19]; we shall not
discuss these solutions here.
The singularity-free form of the (6) metric is therefore
ds2 = −g(r)dt2 +
(
r
p
)2
f(r)
[
dψ +
2p
d
k∑
i=1
cos(θi)dφi
]2
+
dr2
g(r)f(r)
+
r2
d
k∑
i=1
dΣ22(i) (25)
with
g(r) = 1± r
2
ℓ2
, f(r) = 1− a
d
rd
In the 5-dimensional case the metric (4) becomes
ds2 = −g(r)dt2 + r
2
p2
f(r)
[
dψ +
p
2
cos(θ)dφ
]2
+
dr2
g(r)f(r)
+
r2
4
dΩ22 (26)
which can be considered as the singularity-free EH(A)dS metric in five di-
mensions [13].
The regularity condition (24) implies that the metrics (25) are asymp-
totic to AdSd+1/Zp where p ≥ 3. In this context the the existence of extra
light states in a gauge theory formulated on a quotient space that can be
regarded as the boundary of an asymptotically AdS spacetime is implied by
the AdS/CFT correspondence conjecture. In 5 dimensions the conjecture
states that string theory on spacetimes that asymptotically approach AdS5
× S5 is equivalent to a conformal field theory (CFT) (N = 4 super Yang-
Mills U(N) gauge theory) on its boundary (S3 × R)× S5. Finite size effects
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on the gravity side can be shown to become important at high temperatures
T ∽ 1/ℓ (where ℓ is the AdS radius) [15]; the gauge theory in this situa-
tion is in a thermal state described by the Schwarzschild-AdS solution. The
correspondence implies that the density of low energy states is not affected
even though the volume of S3 has been reduced to S3/Γ –hence there must
exist light states of the type described above. Our solutions suggest that
these results will carry over to AdSd+1 × S9−d in string theory, whenever the
d-dimensional CFT exists.
If the CFT contains fermions, these must be antiperiodic in ψ. This
breaks supersymmetry, but it has been pointed out that ordinary (i.e., non-
supersymmetric) Yang-Mills gauge theory may be described by compactify-
ing one direction on a circle and requiring antiperiodic boundary conditions
for the fermions around it [20]. This correponds on the supergravity side
to considering spacetimes that are asymptotically locally AdS. Hence when
fermions are present p must be even because going p times along the ψ di-
rection yields a circle that is asymptotically contractible, and the situation
is the same as if the asymptotic space were S3 (and not S3/Γ). For S3 the
fermions are periodic, and so p must be even when fermions are present in
the CFT.
While there is no horizon in the EHAdS metric, in the EHdS metric
(negative sign in g(r)) there is a cosmological horizon at r = ℓ. In the limit
as r →∞, the metric (25) takes the form
ds2 ≈ ∓r
2
ℓ2
dt2 +
r2
p2
[dψ +N cos(θ)dφ]2 ± ℓ
2dr2
r2
+
r2
4
dΩ22 (27)
where the upper (lower) sign is the AdS (dS) case. Note that in the dS
case as expected, there is a sign flip when crossing the r = ℓ horizon, so the
signature flips to (+,+,−,+,+). So, as r →∞ the metric is R× S3 with a
twisted S3 where r plays the role of “time” in the dS case.
4 (A)dS/CFT
In this section we investigate the thermodynamic properties of the metric (4)
using the (A)dS/CFT-inspired counter-term method.
A full description of the method can be found in [8, 9, 21, 22, 23]. Briefly,
however, the AdS/CFT correspondence conjecture is a holographic relation-
ship between the bulk AdS spacetime and the conformal field theory (CFT)
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on the boundary. The conjecture posits the relationship
ZAdS[γ,Ψ0] =
∫
[γ,Ψ0]
D [g]D [Ψ] e−I[g,Ψ] =
〈
exp
(∫
∂Md
ddx
√
gO[γ,Ψ0]
)〉
= ZCFT [γ,Ψ0] (28)
between the partition functions of any field theory in AdSd+1 and a CFT on
the boundary of this space. This relationship suggests counter terms that
can be added to the divergent gravitational action, so that
I = IB + I∂B + Ict (29)
where IB and I∂B are the usual Einstein–Hilbert and Gibbons–Hawking ac-
tions, respectively. The counter term action Ict, depending only on quan-
tities intrinsic to the boundary and hence leaving the equations of motion
unchanged, serves to cancel the divergences of the first two actions. From
this total action, one can compute a finite action for a spacetime, without
having to reference a background metric that will subtract out divergences.
Also, upon variation of this full action (29), the stress-tensor can be obtained,
from which finite conserved charges can be calculated using the relationship
Dξ =
∮
Σ
dd−1SaξbT effab (30)
If ξ is the time-like killing vector, then one can calculate the conserved mass;
if it is a rotational killing vector, one gets the conserved angular momentum
of the spacetime.Full expansions for the counter term action and stress-tensor
can be found in [8, 9, 21, 22, 23] and references therein.
4.1 Comparison of AdS to field theory
In the asymptotically locally AdS case, there is no horizon. We find from the
counter-term method that the conserved mass is
M =
π(3ℓ4 − 4a4)
32Gℓ2p
(31)
and the action is
Itot =
βπ(−8r4+ + 4a4 + 3ℓ4)
32ℓ2p
(32)
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where the period β = 1/T can be chosen arbitrarily since there is no horizon.
Applying the Gibbs-Duhem relation [23] S = βM − I, the entropy is
Stot =
βπ(r4+ − a4)
4ℓ2p
(33)
Substituting in r+ = a in the EH-AdS case gives Stot = 0, as would be
expected with no horizon.
Similar to the procedure done in [24], we can compare our result (31) with
those of the field theory on the boundary of the AdS5 orbifold. Since the local
geometry is unchanged, except for the volume of the S3 becoming that of
S3/Γ, the calculation here will proceed as in the AdS5 case [24]. The stress-
tensor from the gravity side can be computed, including the counter-terms,
and can be shown to have the components
8πGTtt = −
{
3ℓ4 − 4a4
8ℓ3r2
+
3ℓ4 − 4a4
16ℓr4
}
+O
(
1
r6
)
8πGTψψ =
12a4 − ℓ4
32ℓr2
+
ℓ(28a4 + 3ℓ4)
64r4
+O
(
1
r6
)
(34)
8πGTψφ =
(12a4 − ℓ4) cos(θ)
32ℓr2
+
(28a4 + 3ℓ4)ℓ cos(θ)
64r4
+O
(
1
r6
)
8πGTθθ = −4a
4 + ℓ4
32ℓr2
+
ℓ(3ℓ4 − 20a4)
64r4
+O
(
1
r6
)
8πGTφφ =
16a4 cos2(θ)− ℓ4 − 4a4
32ℓr2
+
ℓ(3ℓ4 + 48a4 cos2(θ)− 20a4)
64r4
+O
(
1
r6
)
Removing the factor r2/ℓ2 from the metric as r →∞ gives the metric of
the conformal field theory,
ds2 = −dt2 + ℓ
2
4
[dψ + cos(θ)dφ]2 +
ℓ2
4
dΩ22 (35)
which has a vanishing Weyl tensor. Since this makes the metric conformally
flat, the expression from Birrell and Davies [25] can be used for the stress
tensor of a field theory on a conformally flat spacetime in four dimensions:〈
Tˆ sab
〉
= − 1
16π2
[
αs
9
H
(1)
ab + 2β
sH
(3)
ab
]
(36)
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where the αs, βs and ns are
s ns αs βs
0 6N1
1
120
− 1
360
1
2
4N1
1
40
− 11
720
1 N1 − 320 − 31180
(37)
and where
H(1)µν = 2R ;µν − 2gµνR −
1
2
gµνR
2 + 2RRµν
H(3)µν = R
ρ
µ Rρν −
2
3
RRµν − 1
2
RρσR
ρσgµν +
1
4
R2gµν
Relating the parameters of the gravity theory in the bulk and those of the
CFT on the boundary gives
1
G
=
2N2
πℓ3
(38)
The expression for the energy of the field theory is given by
E =
∑
s=0, 1
2
,1
ns
∫
Σ
d3x
√
σNlp
〈
Tˆ sab
〉
ξaub (39)
where ξa = [1, 0, 0, 0] and ua =
[
(−gtt)−1/2, 0, 0, 0
]
, Nlp is the lapse function,
and the boundary metric is decomposed as:
ds2 = −N2lpdt2 + σab (dxa +Nadt)
(
dxb +N bdt
)
(40)
Using (36) in (39), the energy can be calculated to be
E =
∑
s=0, 1
2
,1
ns
4π2(αs − 3βs)
ℓ
(41)
(where θ ∈ [0, π], φ ∈ [0, 2π] and ψ ∈ [0, 4π]). Note that the conserved mass
is given by (31), or using (38)
M =
(3ℓ4 − 4a4)N2
16ℓ5p
(42)
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Now, taking (41) with (37), and with N1 = N
2 (and dividing by (16π2))
gives
Ecalc = 3N
2
16pℓ
(43)
which agrees with the Casimir energy from (42) with a = 0. Note also that
a straightforward computation of the total energy using the Noe¨ther charge
approach [7, 11] yields the difference M− Ecalc, as expected.
The stress-tensor components from the conformal field theory can be
written
Tˆtt = − 3N
2
32π2ℓ4
Tˆψψ = − N
2
128π2ℓ2
Tˆψφ = −N
2 cos(θ)
128π2ℓ2
(44)
Tˆθθ = − N
2
128π2ℓ2
Tˆφφ = − N
2
128π2ℓ2
These components match the (34) components of O ( 1
r2
)
with r = ℓ, a = 0
and using the transformation (38).
We see that the energy (31) of the EH soliton is lower than that of the
AdS5/Γ orbifold, and is in fact negative once the condition (22) is taken into
account. For any given integer p ≥ 3 we have
EEH-soliton = −(p
4 − 8p2 + 4)N2
64ℓp
(45)
which is bounded from below. In a previous paper [13], we conjectured that
the EH soliton is the state of lowest energy in its asymptotic class in both
5D Einstein gravity with negative cosmological constant and in type IIB
supergravity in 10 dimensions. Indeed, the AdS/CFT correspondence (along
with the expected stability of the gauge theory) suggests that any metric
solving the 5D Einstein equations that has the same boundary conditions as
the EH soliton will have a greater energy. This situation is analogous to that
for the AdS soliton [26].
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We demonstrate the our conjecture holds at least perturbatively. We wish
to construct the energy density H directly to second order in the fluctuations
of the metric, given by hµν ,
gµν = g¯µν + hµν (46)
where g¯µν is the EH solition (4) and the perturbation obeys the falloff con-
ditions
hµν = O
(
r−2
)
hµr = O
(
r−4
)
hrr = O
(
r−6
)
µ, ν 6= r
Employing the method of Abbot and Deser [27] (see also [26]), the Hamil-
tonian H on a time-symmetric slice to second order in the perturbation hij
(i, j 6= t) is
H = N¯
[
1√
g¯
pijpij +
√
g¯
(
1
4
(
D¯khij
)2
+
1
2
(4)R¯ijklhilhjk − 1
2
(4)R¯ijhikh
k
j
)]
(47)
where to arrive at this equation, the gauge conditions
pi = 0 = D¯ihij (48)
are imposed, with pij the conjugate momentum. We further impose
hii = 0 = D¯ip
ij (49)
as they are required to satisfy the constraint equations to linear order.
It is easily seen that the momenta make a positive contribution to the
energy density. We therefore choose intial conditions such that pij = 0 in
order to minimize the energy of the spacetime with metric gµν . Thus we need
only calculate the gradient energy density (also positive) and the potential
energy density, given by the terms
U =
1
2
(4)R¯ijklhilhjk − 1
2
(4)R¯ijhikh
k
j (50)
=
1
2ℓ2
V aUabV
b (51)
where
V a = [hψψ, hθθ, hφφ, hψr, hψθ, hψφ, hrθ, hrφ, hθφ] (52)
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and so the problem reduces to that of finding the eigenvalues of Uab. Note
that this vector only has 9 components - the hrr component in the matrix
Uab will be removed below from the traceless condition that must be applied.
In the EH case, the curvature of the spatial slice in the orthonormal frame
is given by the components
(4)Rψrψr =
−r6 + 3r2a4 + 4a4ℓ2
ℓ2r6
(53)
(4)Rθφθφ =
4a4ℓ2 − r6 + r2a4
ℓ2r6
(54)
(4)Rψθψθ =
−r6 − r2a4 − 2a4ℓ2
ℓ2r6
= (4)Rψφψφ =
(4)Rrθrθ =
(4)Rrφrφ (55)
(4)Rψrθφ = −4a
4
√
r2 + ℓ2
r6ℓ
(56)
(4)Rψθrφ = −2a
4
√
r2 + ℓ2
r2ℓ
= −(4)Rψφrθ (57)
Because of the form of these components, the matrix Uab in the potential
energy density above must be written as a 9×9 matrix. This matrix is block-
diagonal, with the “diagonal” components (those components that can be
written as coefficients of h2ii) being the upper diagonal 4×4 matrix, and the
“off-diagonal” components (those that can be written as coefficients of hijhkl,
where i 6= j and k 6= l) being the lower 5×5 matrix.
Dealing with the diagonal components first, here we can apply the trace-
less condition hrr = −hψψ − hθθ −hφφ to reduce this to a 3×3 matrix, giving
the symmetric matrix
Uab(diag) =

 D11 D12 D13D21 D22 D23
D31 D32 D33

 (58)
where the components are
D11 =
4(r6 + r2a4 + 2a4ℓ2)
r6
= 2D12 = 2D13 (59)
D22 =
2(2r6 − r2a4 − 2a4ℓ2)
r6
= D33 (60)
D23 =
2(r6 − 4a4ℓ2 − 2r2a4)
r6
(61)
17
The eigenvalues of this matrix are easily found to be
λ0 =
2(r6 + r2a4 + 2a4ℓ2)
r6
(62)
λ± =
1
r6
[
5r6 − r2a4 − 2a4ℓ2
±
√
9r12 + 6r8a4 + 12a4r6ℓ2 + 33r4a8 + 132r2a8ℓ2 + 132a8ℓ4
]
(63)
We can plot these eigenvalues as a function of x = a4/r4, taking into account
the regularity condition a = ℓ
√
p2/4− 1. One can easily see from such plots
that λ0 and λ+ are positive in the range of interest 0 ≤ x ≤ 1, and hence
correspond to stable fluctuations. However, a plot of λ− shows that this
eigenvalue is negative for x & 0.25 for p = 3, and becomes negative for
x & 0.5 when p → ∞. Thus there is a region where the potential energy
density becomes negative; the associated eigenvector is given by
V adiag = [vm, 1, 1] (64)
vm =
1
2(r6 + r2a4 + 2a4ℓ2)
[
5r2a4 − r6 + 10a4ℓ2 (65)
−
√
9r12 + 6r8a4 + 12a4r6ℓ2 + 33r4a8 + 132r2a8ℓ2 + 132a8ℓ4
]
Writing the perturbation as hik = A (r) h˜ik, where A (r) is a profile func-
tion maximized at r = a and h˜ik is the eigenvector associated with the
negative eigenvalue, we find that the negative potential energy U is not out-
weighed by a simple estimation of the gradient energy density (given by
dividing the maximum of the profile function by the proper distance over
which U is negative). This situation - quite unlike that for the AdS soli-
ton [26] - forces us to consider a full expansion of the gradient energy term.
Using this, we find that the full gradient energy density always outweighs
the potential energy density, indicating that the diagonal component of the
potential energy density is perturbatively stable for all values of p.
The situation proceeds similarly for the off-diagonal components of U .
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Here, we get the 5×5 matrix
Uab(off−diag) =


E11 0 0 0 0 0
0 E22 0 0 E25 0
0 0 E33 E34 0 0
0 0 E43 E44 0 0
0 E52 0 0 E55 0
0 0 0 0 0 E66


(66)
(where the order of components is [hψr, hψθ, hψφ, hr,θ, hr,φ, hθφ]). The compo-
nents of Uab(off−diag) are
E11 =
4(r6 + r2a4 + 2a4ℓ2)
r6
= E66 (67)
E22 =
2(2r6 − r2a4 − 2a4ℓ2)
r6
= E33 = E44 = E55 (68)
E25 =
12a4ℓ(r2 + ℓ2)
r6
√
r2 + ℓ2
= E52 = −E34 = −E43 (69)
The eigenvalues of this matrix are
λ0 =
4(r6 + r2a4 + 2a4ℓ2)
r6
(70)
λ± =
2(2r6 − r2a4)
r6
− 4a
4ℓ2
r6
± 12a
4ℓ
√
r2 + ℓ2
r6
(71)
Here again λ0 and λ+ are positive in the range 0 ≤ x ≤ 1, but the λ−
eigenvalue is negative. Unlike the diagonal case, the negative eigenvalue is
only negative for 3 ≤ p ≤ 14 (recall p is an integer).
With the same perturbation hik = A (r) h˜ik as in the diagonal case, we
find that the full expansion of the gradient term is again required, but that
again, the full gradient energy density does always outweigh this part of the
potential energy density.
This indicates that the EH soliton is perturbatively stable for all values of
p relative to all other metrics with the same boundary conditions. Together
with the expected stability of the (nonsupersymmetric) gauge theory, the
AdS/CFT correspondence suggests that the EH soliton is a solution of mini-
mal energy, and that any other solution with these boundary conditions will
have an energy greater than this. We are therefore led to make conjectures
for these spacetimes similar to those for the AdS soliton:
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Conjecture 1: All solutions to ten-dimensional IIB supergravity satisfying
( 46), with g¯µν given by the metric (4), will have energy greater than this
unless hµν = 0.
Conjecture 2: All solutions to Einstein’s equation in five dimensions with
negative cosmological constant satisfying (46), with g¯µν given by the metric
(4), will have energy greater than this unless hµν = 0.
Conjecture 3: Any nonsingular Riemannian 4-manifold with negative
Ricci scalar R = −12
ℓ2
satisfying (46), with g¯µν given by the metric (4), will
have energy greater than this unless hµν = 0.
The motivation for these conjectures is the same as that for the AdS
soliton. If spacetimes in 10 dimensions that are not direct products with
S5 have higher energy, and if the additional supergravity fields contribute
positive energy, then conjecture 1 reduces to conjecture 2. Similarly, if there
exists a moment of time symmetry (i.e. there is a surface with zero extrinsic
curvature), then conjecture 2 reduces to conjecture 3. It would be interesting
to see if such conjectures could be proven.
4.2 dS/CFT
The proposed dS/CFT correspondence arises from the AdS/CFT by analogy,
and works in similar fashion, though with difficulties that don’t arise in the
AdS/CFT – namely, that going to future/past infinity in an asymptotically
dS spacetime means the timelike killing vector ∂/∂t becomes spacelike as one
is now outside the cosmological horizon. The conserved charge associated
with this Killing vector is interpreted as the conserved mass. With this
definition, Balasubramanian et. al. [28] were led to posit the conjecture any
asymptotically dS spacetime with mass greater than dS has a cosmological
singularity, which was referred to as the maximal mass conjecture in [29].
There, the Taub-NUT-dS (TNdS) spacetime was shown to be a counter-
example to this conjecture, though there have been arguments as to whether
it is a true counter-example due to the existence of closed timelike curves
(CTC’s) in the TNdS spacetime.
We find for the EH-dS metrics in five dimensions that
M =
π(3ℓ4 − 4a4)
32pGℓ2
in agreement with the maximal mass conjecture, since whenever a < ℓ the
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regularity condition implies that
M =
3ℓ2π
128G
< MdS =
3ℓ2π
32
and whenever a ≥ ℓ it is clear that M < 0.
The curious thing about the metric (4) for the EH-dS case is that, after
applying the dS/CFT counter-term approach, we calculate the same quan-
tities (31), (32) and (33) for the conserved mass, action and entropy of the
EH-AdS metric. Note, however that this is a formal agreement. The reg-
ularity condition in the AdS case implies that p > 3 (and that p is even
if fermions are present in the boundary CFT), whereas in the dS case this
condition implies when a < ℓ that either p = 1 (yielding the mass (4.2) or
when a > ℓ that
M = −(p4 + 8p2 + 4) ℓ
2π
128pG
which differs from the AdS mass given by (45)). In the dS case there is a
horizon, where r+ = ℓ > a, and so the action becomes
Itot(dS) =
βπ(4a4 − 5ℓ4)
32ℓ2
(72)
Through the Gibbs–Duhem relation S = βM− I, the entropy is
Stot(dS) =
βπ(ℓ4 − a4)
4ℓ2
(73)
where the regularity condition has not been applied.
The mass (31) and entropy (73) can be shown to satisfy the first law
dS = βdM, and the differentiation to be taken w.r.t. a, where
β =
2πℓ3√
ℓ4 − a4
is obtained from the surface gravity at the horizon. The specific heat for the
EHdS case can also be calculated, giving
CdS = −β∂βS = −β ∂a
∂β
∂S
∂a
=
π2ℓ
√
ℓ4 − a4
2
(74)
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Substituting in β into (73) for the EHdS case gives the same formula as the
specific heat - (74). Thus, the solution can be considered thermodynamically
stable for equation (74) greater than zero, i.e. for ℓ > a. Since for a > ℓ,
the solution would be imaginary, this means that for all real entropies, the
solution is thermodynamically stable.
Applying the regularity condition a2 = 3
4
ℓ2 yields
M =
a2π
32G
β =
48πa√
21
S =
π2a2
√
21
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for the various thermodynamic quantities. Note that the first law is no longer
satisfied since the thermodynamic variable a has been constrained in terms
of the independent parameter ℓ.
5 Discussion
We have presented a new class of soliton solutions to the higher-dimensional
Einstein equations with cosmological constant. In the limit that the cosmo-
logical constant vanishes they are a direct product of a higher-dimensional
version of the Eguchi-Hanson metric with time. For this reason we have
called such solutions Eguchi-Hanson solitons.
EH solitons have a variety of interesting properties. For negative cosmo-
logical constant they provide an explicit example of solutions that asymptot-
ically approach AdSd+1/Γ but have lower energy, with Γ = Zp. The ground
state energy density of the strongly coupled gauge theory on the boundary
on Sd−1/Γ is then even smaller than on Sd−1. For d = 4 we provided evidence
that perturbatively the AdS EH-soliton is the state of lowest energy in its
asymptotic class. We conjecture that this holds non-perturbatively (for all
dimensions) as well, a proof (or refutation) of which remains an interesting
subject for future study.
In the dS case all such solutions have a cosmological horizon. If the con-
stant of integration a is large enough then the spacetime has closed timelike
curves. For all values of a these solutions satisfy the maximal mass conjec-
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ture, ie they all have mass less than that of pure de Sitter spacetime with
the same asymptotics.
Further analysis of these metrics, including their possible phase-transition
properties, their Kaluza-Klein reduction, and their role in string theory re-
main interesting issues to explore in the future.
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